INTEGRAL CLOSURE OF RINGS OF SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS EDWARD C. POSNER
Let K be an ordiary differential field of characteristic zero with field of constants C. Let R be a differential subring of K containing C and having quotient field K. A differential subring V of an extension differential field M of K is called a fundamental differential ring (over R) if V contains R and if, for each v in V, there exist v 2 , , v n in V, n depending on v, such that v,v if , v n form a fundamental system of solutions of a homogeneous linear differential equation with coefficients in K. Throughout this paper, { •••} denotes differential ring adjunction, < > differential field adjunction.
THEOREM 1. Let K, C, R, M, V be as above. Then V is a fundamental differential ring over R if and only if V ~ R{v ai , aeA,l^ί n a } f A an indexing set, where for each a in A, v ΛU v Λ3f
, v Λna form a fundamental system of solutions of a homogeneous linear differential equation over K.
Proof. If V is a fundamental differential ring over R, we may let A = V; the interest attaches to the converse. It amounts to proving that every differential polynomial with coefficients in R in the v Λi is one element of a fundamental system of solutions of a homogeneous linear differential equation over K, all the elements of which system of solutions belong to V. By use of induction, we may reduce the problem to consideration of the four differential polynomials s', s +1, st, and rs, r e K. We treat the polynomials s' and s + t; the polynomials st and rs are treated in a like manner.
Let The following lemma isolates the key property of fundamental differential rings that will be used to prove integral closure. An element w in an extension differential field of K is called a wronskian over K if w Φ 0 and w'lw belongs to K. Proof. Let I be a nonzero differential ideal of V. To prove that I = V, let |p be a wronskian over K in /; such exist by the lemma. Now by hypothesis, there is a nonzero h in R with h\w in V. Thus w h\w = h is in I, so that / Π R is not the zero ideal of R. Since / Π R is a differential ideal of R and R is differentiably simple, IΠ R = R, so that 1 e IΠ R, and 1 e /. Thus / = V as required.
The next theorem is a sort of converse to the previous theorem. (Here V need not be a fundamental differential ring over R; V can be any differential subring of M containing R.) THEOREM 
Let V, but not necessarily R, be differentiably simple, and let w be a wronskian over K belonging to V. Then there is a nonzero h in R such that h\w is in V. (Thus if R -K, \\w is in V.)
Proof. Since K is the quotient field of R, there exist b, c in R, with c Φ 0, such that w f -(bjc)w. Let I denote the set of elements of V of the form vc~pw f p a nonnegative integer, v an element of V. I can readily be shown to be an ideal of V; we shall prove that / is closed under differentiation. If vc~pw e I, then (vc~pw)' = v'c~pw -
is an element of V and hence of I. Thus I is a differential ideal of V, and is nonzero since w is in 7. Since V is differentiably simple, I = V, and lei. 
. This is what we were after: we have proved that V is finitely generated as an ordinary ring over C. We can now apply Theorem 2 of [3] to conclude that the integral closure 0 of V in its quotient field M is in fact a differential subring of M. But u is in 0; if we can prove that 0 is contained in V, the proof will be completed. So consider the ideal J of V consisting of all h in V such that hO c V. By [5] , pg. 267, Theorem 9, I is nonzero; a fortiori, the ideal / of V consisting of those h in V with hO c V is also nonzero, since it contains I. We assert that I is a differential ideal of V: let ω e O; then hω e V, (hω) f = h'ω + hω' e V. Since O is closed under differentiation by [3] , pg. 1393, lemma, ω'eO, so that, since he I, hω' e V. Thus h'ω is in V if o) is in 0 and h is in /. In other words, I is a differential ideal of V. Since V is differentiably simple by Theorem 2, and I is nonzero, we conclude that I = V. Therefore lei. This implies that 0 = 1-0 is contained in V, as promised. This completes the proof of Theorem 4.
(The above theorem could be strengthened by use of the following unproved result: a differentiably simple ring of characteristic zero is integrally closed in its quotient field. This result would generalize Proof. That V is a fundamental differential ring over K follows from the corollary to Theorem 1. To prove V integrally closed in its quotient field, we shall prove that V contains the inverse of every wronskian over K in it, and then apply Theorem 4. Now if w is a wronskian over K in V, then w Φ 0 and w' -kw, keK.
Then (1/w)' = (-l/w')-™' = {-Ifw^-kw = -fc (l/w). So \\w satisfies a (first order) homogeneous linear differential equation over K; by the definition of V, (1/w) belongs to V, as required for the application of Theorem 4.
REMARK. n^l,  be the differential subring of M consisting of those elements of M satisfying a homegeneous linear differential equation with coefficients in V n . Then V n+1 contains L n (thus UΓ=iVn= Ko is a field), for if f(Φθ) is in V n , then (1//)'= -f'lf llf. Thus 1// satisfies a first order homogeneous linear differential equation with coefficients in L n and so is in V n+1 . Since V n+1 contains V nf and now the inverse of every nonzero element in V n9 V n+1 contains L n . But each L n is differential algebraic over C, and M is still a universal differential extension of L n . The above corollary thus implies that each V n is integrally closed in its quotient field L n , n ^ 1. 
